We develop a generalized Langevin spin dynamics (GLSD) 
I. INTRODUCTION
Langevin spin dynamics (SD) treats thermal fluctuations of a single spin, or thermal excitations of an interacting spin ensemble, by introducing stochastic and dissipation terms in the spin equations of motion 1 . These two terms, steering a spin system towards thermal equilibrium, are related through the fluctuation-dissipation theorem [2] [3] [4] . Langevin SD is a versatile technique for simulating relaxation and equilibration processes in magnetic materials at finite temperatures [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . For a variety of applications, Langevin SD is equivalent to the dynamics described by stochastic Landau-Lifshitz (sLL) or stochastic Landau-LifshitzGilbert (sLLG) equations 1, [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] .
The sLL equation has the form:
where S = −M/gµ B is the spin vector of an atom, M is its magnetic moment, H is the effective field acting on an atomic spin, h is a fluctuating field, and γ s is a damping parameter.
Eq. (1) conserves the magnitude of the spin vector S. The same argument applies to the sLLG equation. (1). The lack of longitudinal fluctuations (LFs) is a fundamental drawback of Langevin SD.
LFs of magnetic moments are closely linked to the itinerant nature of electron magnetism, where electron-electron exchange interaction is responsible for the formation of local atomic magnetic moments. LFs have a significant effect on the high temperature properties of a magnetic alloy such as its free energy 18, 19 and specific heat 20, 21 . LFs of magnetic moments also influence finite-temperature properties and dynamics of defects and dislocations. For example, density functional calculations show substantial variations of magnitudes of magnetic moments in the strongly distorted core regions of defect structures, at surfaces and interfaces [22] [23] [24] [25] [26] [27] . Finite-temperature properties of defects play an important part in determining high-temperature deformation modes of structural materials, such as iron alloys and steels 18, 26, [28] [29] [30] .
There are several computational methods that include the treatment of longitudinal and transverse magnetic degrees of freedom at finite temperatures. The majority of them are based on equilibrium finite-temperature ab initio calculations, for example dynamic mean field theory 31 , coherent potential approximation 32 , spin-fluctuation theory 33, 34 and quantum
Monte Carlo simulations 19 . On a semi-classical level, the ab initio-calculated electronic structure and interactions between magnetic moments are used as input for Monte Carlo 20, 35 or spin dynamics [14] [15] [16] [17] simulations.
Many of the above methods do not attempt to follow the real-time dynamics of the magnetic system. A notable exception is an approach that links classical spin dynamics with density functional theory [14] [15] [16] [17] . In this approach the effective inter-site interactions between magnetic moments and the magnitudes of moments are calculated using density functional theory. Subsequently, evolution of the transverse (rotational) degrees of freedom of the spin vectors is followed using a system of coupled sLL equations [14] [15] [16] [17] . Such an approach is still fairly computational demanding, and simulations can only be performed for relatively small systems involving up to a thousand magnetic moments.
In this paper, we develop a method that makes it possible to include LFs in a semiclassical dynamics of evolution of interacting magnetic moments. The method is based on the generalization of Langevin SD to a fully 3-dimensional stochastic dynamics of moments.
In the generalized Langevin SD both the longitudinal and rotational degrees of freedom of atomic spin vectors are treated on equal footing. This removes a fundamental limitation associated with the lack of longitudinal fluctuations in the sLL(G) equations, but retains the capacity of the method to simulate a very large system of interacting spins.
The paper is organized as follows. We first revisit the derivation of spin dynamics equations starting from a quantum-mechanical Hamiltonian, and show that the method corresponds to the mean-field treatment of the effective field acting on the spins. Then, we derive the generalized Langevin spin dynamics (GLSD) equations of motion, and prove that these equations are equivalent to the sLL equations if the motion of a spin vector is constrained to a 2-dimensional surface of a sphere. A Fokker-Planck equation is then used for establishing a fluctuation-dissipation relation. Numerical simulations, carried out using ferromagnetic iron as a model example, illustrate and compare predictions derived from two-and threedimensional dynamics of magnetic moments.
II. THEORY

A. Mean-field approximation
For a closed system described by a spin HamiltonianĤ, cf. Ref. 14 and 36, an equation of motion for a spin operator can be derived using the Poisson brackets commutator, viz.
On the other hand, classical equations of motion for a spin vector are usually given in the form 1, 5, 6, [10] [11] [12] 17 dS dt
where
is the effective vector field acting on spin S. Eq. (4) conserves the total energy for a closed system, and hence satisfies a fundamental condition of Hamiltonian dynamics. Assuming an arbitrary quantum-mechanical Hamiltonian, expressed in terms of spin operators, we write it in the form of a Taylor serieŝ
whereŜ = (Ŝ x ,Ŝ y ,Ŝ z ) is a spin operator and a n is a Taylor expansion coefficient. A similar representation can be constructed for a system described by an arbitrary set of spin operators, in which a n is a multidimensional tensor with indexes referring to individual spins.
We now write each term in Eq. (5) in the form
where ⟨Ŝ⟩ is the expectation value ofŜ. Defining
we transform Eq. (6) asŜ
Substituting this into the Taylor series for the spin Hamiltonian, Eq. (5), we arrive at
Since the expectation value of operator ⟨Ŝ⟩ is the spin vector S itself, we see that the first term in (9) 9), which has the form
Here vector H = −∂H/∂S also commutes withŜ. Using the commutation relations for the spin operators, we arrive at the equation of motion for the spin operators
which, being linear in spin operators, has the same form as the classical equation (3) for the spin vector. Our derivation is valid for any spin HamiltonianĤ, and hence the spin equations of motion investigated below are valid for any interacting spin system, where the effective field acting on each spin is treated in the mean-field approximation.
B. Langevin equations of motion
In the semi-classical limit, taking the expectation values of both sides in Eq. (11), we write the equation of motion for a spin vector S i (t) as
where 
The fluctuating field h i entering this equation is related to the damping parameter γ s through the fluctuating-dissipation relation [1] [2] [3] [4] 7, 9 , namely
Here subscripts α and β denote the Cartesian components of a vector.
Comparing the sLL equation with the Langevin equation of motion for atoms 2-4 , we note that they look fairly dissimilar. A conventional form of the Langevin equations of motion for interacting atoms is dp
where U = U ({R i }) is the potential energy of interaction between the atoms, R i is the position of atom i, p i is its momentum, f i is a delta-correlated fluctuating force, and γ l is a damping parameter. The Hamiltonian function for interacting atoms is
6
To establish a connection between the Langevin treatment of motion of atoms and Langevin equations for the spins, we note that the dissipation term in Eq. (14) can be expressed in terms of the partial derivative of the Hamiltonian function with respect to the momentum of an atom as
Dissipative terms proportional to the partial derivatives of the Hamiltonian function with respect to particles coordinates ∂H/∂R i can also be included in Eq. (15) Applying the same principle, we write the Langevin spin equations of motion as
where ξ i is a delta-correlated fluctuating "force" acting on spin i. In what follows we assume that this force satisfies the usual conditions ⟨ξ i (t)⟩ = 0 and ⟨ξ
A fundamental difference between Eq. (18) and the sLL equation (13) is that Eq. (18) no longer imposes any constraint on the magnitude of the atomic spin, and in this way 
where e i = S i /S i is a unit vector in the longitudinal direction of an atomic spin. Using vector algebra, we now transform the dissipation term as
The vector structure of the right-hand side of this equation is identical to that of the last term in the right-hand side of Eq. (13), hence proving the equivalence of Eqs. (13) and (19) .
To show the equivalence between the fluctuation term entering Eq. (13) and the projection, Eq. (21), of random force ξ(t) into a sphere, we note that achieving this amounts to demonstrating that both random processes have the same statistical properties. To prove this, let us introduce random vector processes
where Eq. (23) is just a projection of ξ(t) onto the surface of a sphere, and Eq. (24) has the same vector structure as the random field term in Eq. (13). Evaluating statistical average values for both quantities, we find that
Since the statistical properties of random vector process u i (t) are the same as the statistical properties of random vector process v i (t), in the Langevin spin equations we can replace 
It can be readily verified that if µ s = 2γ sh k B T , then the fluctuation-dissipation relation for
This relation can also be proven using the Fokker-Planck equation, as discussed below.
Concluding this section, we note that the invariant, with respect to the choice of a system of coordinates, structure of Eq. (18) (18), (19) , we arrive at a formalism equivalent to the sLL equation (13) shows that it is the same value of damping 8 parameter γ ′ s that describes relaxation of transverse and longitudinal degrees of freedom of magnetic moments.
C. the Fokker-Planck equation
To derive a relation between the fluctuation and dissipation terms in Eqns. (18), (19), we map Eq. (18) onto the Fokker-Planck equation 40, 41 :
The drift and diffusion coefficients for the coordinates and momenta have the form 40, 41 .
At equilibrium, where ∂W/∂t = 0, the energy distribution approaches the Gibbs distribution
Here W 0 is a normalization constant. Substituting this distribution into the Fokker-Planck equation, we find
The condition of thermal equilibrium is satisfied if
which is the desired fluctuation-dissipation relation. Similarly, we find that
This equation relates temperature at equilibrium to the state variables. In the numerical examples that we explore below, we use this expression to evaluate the instantaneous temperature of a system away from equilibrium. We also compare it with the expression for spin temperature that we derived in Ref. 8 for a dynamic spin system evolving without LFs.
III. APPLICATION A. Heisenberg-Landau Hamiltonian
In transition metals, such as iron, local magnetic moments form due to intra-atomic exchange interaction between d-electrons [42] [43] [44] [45] 
The first term in Eq. (35) 
The Stoner parameter can then be found as
Once we have evaluated the Stoner parameter I, the energy of the system as a function of M can be calculated as
where the values of ϵ F ↑ and ϵ F ↓ for each M are calculated according to Eqns. (38) and (39) . Then, we plot the energy E tot as a function of M , and fit it to the Landau expansion, retaining terms up to the sixth order in M , namely
Comparing Eqs. (35) and (42), and assuming that in the ground state all the spins are collinear, we find A = a(gµ B ) 2 + ( 
B. Equilibrium data
Simulations were performed using cubic cells with 16000 spins on BCC lattice. We performed simulations with and without LFs, using Eqns. (18) and (13), respectively. Thermal equilibrium energies per spin corresponding to various temperatures are plotted in Fig. 3 .
The fact that the reference energies at 0K differ is due to the Landau term, and is immaterial, whereas the variation of energy as a function of temperature is significant, since it is related to the slope of the curves, which represents the specific heat. By means of numerical differentiation we find the values of the specific heat C = ∂⟨E⟩/∂T plotted in Fig. 4 .
Abrupt changes in the slope of the curves in Fig. 3 are responsible for the peaks shown in to the extra longitudinal degree of freedom included in the three-dimensional spin dynamics described by Eqns. (18) and (19) . Indeed, a spin system exhibiting LFs is able to absorb energy at arbitrarily high temperatures. On the other hand, if the spins have only the rotational (transverse) degrees of freedom, they cannot absorb energy once the system reaches the maximum-entropy fully disordered high-temperature configuration. This finding agrees with the results by Lavrentiev et al. 18, 49 , who performed classical equilibrium Monte Carlo simulations of high-temperature magnetic excitations in iron and iron-chromium alloys using Magnetic Cluster Expansion. The increase of the average magnitude |M i | of the moment beyond T C is comparable with the earlier findings by Hasegawa et al. 48 and Lavrentiev et al. 49 , and differs somewhat from the results by Ruban et al. 20 . In Ref. 20 the authors discovered a slight (0.1µ B ) overall reduction in the magnitude of the magnetic moment in the temperature range from T C to 1500K, whereas we find that the magnitude of the moment increases by approximately 0.01µ B over the same temperature interval. The difference is genuinely minor, and it illustrates the significance of using accurate values of the Landau expansion coefficients in Eq.
(42). Fig. 7 shows that the increase of the average value of |M i | at high temperature is associated with the fact that more local moments have larger magnitude, with some moments having magnitudes in excess of 2.5µ B . The distribution of moments is similar to the distribution found in Ref. 20 .
C. Thermalization process
The advantage offered by spin dynamics simulations over equilibrium Monte Carlo simulations using the same Heisenberg-Landau Hamiltonian 21,49 is that instead of treating only the equilibrium magnetic properties of the material, we are now able to follow the dynamics of thermalization process at the microscopic level, including the investigation of dynamics of equilibration of the spin system and its response to thermal excitations. We simulate the time-dependent transient relaxation of large interacting spin systems to equilibrium starting from ferromagnetic ground states. All the simulations were performed assuming the value of the damping parameter γ s = 8 × 10 −3 , which was found by fitting simulations to laser pulse induced demagnetization experimental data on iron thin films 64, 65 . According to Eq. present, the spin vectors are able to explore the entire three-dimensional spin space, and the system is able to attain equilibrium over a much shorter interval of time.
In dynamic spin simulations we can monitor the instantaneous temperature of the system during the thermalization process. In Ref. 8 , we derived an expression for dynamic spin temperature, which only applies if LFs are absent. In what follows we refer to that temperature as the temperature for the rotational (transverse) degrees of freedom of atomic spins.
The expression for the rotational temperature has the form
where where LFs were included. Moreover, we see that temperature T defined by equation (34) attains the equilibrium value much quicker than T R in the case where LFs were included.
This shows that the rate of absorption of energy through inter-site spin-spin correlation is lower than the rate of absorption involving all the degrees of freedom of the system, confirming that on-site longitudinal fluctuations of moments play an important part in this process.
As a final note, we note that GLSD can be readily incorporated into spin-lattice dynamics 
By comparing Eq. (44) with the heat transfer equation for electrons, including coupling to the spin subsystem, that is
we find that
This shows that we can safely replace the sLL equation used in the spin-lattice-electron dynamics simulation method by the generalized Langevin spin equation of motion.
IV. CONCLUSIONS
We develop, and prove the validity of, a new form of Langevin spin dynamics. We call it (34) and (43) as functions of time during the thermalization process.
